Abstract. We prove analogs of Thom's transversality theorem and Whitney's theorem on immersions for pseudo-holomorphic discs.
Introduction
Results on deformation and flexibility of holomorphic objects are often used in complex geometry and its applications. In comparison with their predecessors in the smooth category, namely Thom's transversality theorem and Whitney's theorem on immersions, there is a difficulty because our objects satisfy certain partial differential equations. This is one of the reasons why the results on holomorphic flexibility appeared much later than their classical purely topological analogs. The first main result of the paper is the following Theorem 1.1 Let (M, J) be a C ∞ -smooth almost complex manifold and f 0 : ID → M be a J-holomorphic map from the unit disc ID ⊂ I C of class C ∞ (ID). Then for every positive integer m and every ε > 0 there exists a J-holomorphic immersion f : ID → M of class C ∞ (ID) such that f − f 0 C m (ID) < ε. Furthermore f is homotopic to f 0 through the space of J-holomorphic maps from ID to M of class C ∞ (ID).
One can view this result as an analog of the classical Whitney theorem on immersions (see, e. g., [4] ) for pseudo-holomorphic discs. We need it in our work [2] on pseudo-holomorphic discs in Stein domains. We hope that Theorem 1.1 will have further applications in almost complex geometry, in particular, the theory of intersections and moduli spaces of pseudoholomorphic curves (see [9] ). Related results are obtained by McDuff [8] for almost complex manifolds of real dimension 4. She studies the problem of local approximation of a pseudoholomorphic disc by an immersion near a critical point and the global approximation by immersions of maps from compact Riemann surfaces. However, in this global situation she deforms a map f together with an almost complex structure i.e. an approximating immersion of a Riemann surface is holomorphic just for a perturbed almost complex structureJ close to J. In the case of integrable complex structures Forstnerič [3] and Kaliman and Zaidenberg [6] proved similar results without perturbation of a complex structure.
We deduce Theorem 1.1 from the following pseudo-holomorphic analog of Thom's transversality theorem.
∞ -smooth almost complex manifold. Let S be a smooth a locally closed manifold (with or without boundary) of the space J k (I C, M) of k-jets of Jholomorphic maps from I C to M. Then the set of J-holomorphic discs f : ID → M of class C ∞ (ID) transverse to S (that is, the k-jet j k f is transverse to S) is dense in the space of all J-holomorphic discs of class C ∞ (ID).
We point out that S is a real submanifold of J k (I C, M). In particular, we do not use any almost complex structure on the jet space although such a structure can be naturally defined, see [7] . Of course, we consider just maps from I C to M, i. e., J-holomorphic curves since a generic almost complex structure J on M doest not admit almost complex submanifolds of complex dimension bigger than 1. One of the first results on deformation of J-holomorphic discs is due to Ivashkovich and Rosay [5] . They control the center and a tangent direction of a disc in order to study the Kobayash-Royden metric on an almost complex manifold.
Our approach is very different from [8] and avoids any study of singularities of pseudoholomorphic curves. Instead, we use the well-known Fredholm property of the linearized Cauchy-Riemann operators on almost complex manifolds in order to obtain a suitable parametrization of a neighborhood of a J-holomorphic map. A technical obstacle here is that in general the corresponding Fredholm operator has a non-trivial kernel so we need to modify it in order to apply the inverse mapping theorem. A similar idea in another form was used in the important work of Bojarski [1] who developed a theory of elliptic linear systems in the plane.
Almost complex structures and pseudo-holomorphic discs
In this preliminary section we recall basic notions concerning almost complex manifolds and pseudo-holomorphic discs. Denote by ID the unit disc in I C and by J st the standard complex structure of I C n ; the value of n will be clear from the context. Let (M, J) be an almost complex manifold. A smooth map f :
We also call such a map a J-holomorphic disc or a pseudo-holomorphic disc. In local coordinates z ∈ I C n , an almost complex structure J is represented by a IR-linear operator J(z) : I C n → I C n , z ∈ I C n such that J(z) 2 = −I, I being the identity. Then the Cauchy-Riemann equations (1) for a J-holomorphic disc z : ID → I C n can be written in the form
We represent J by a complex n × n matrix function A = A(z) and obtain the equivalent equations
Recall the relation between J and A for fixed z. Let J : I C n → I C n be a IR-linear map so that det(J st + J) = 0, where
One can show that J 2 = −I if and only if QJ st + J st Q = 0, that is, Q is a complex anti-linear operator. We introduce
Let J ∈ J . Since the map Q is anti-linear, there is a unique matrix A ∈ Mat(n, I C) such that
It turns out that the map J → A is a birational homeomorphism J → A. Let J be an almost complex structure in a domain Ω ⊂ I C n . Suppose J(z) ∈ J , z ∈ Ω. Then J defines a unique complex matrix function A in Ω such that A(z) ∈ A, z ∈ Ω. We call A the complex matrix of J. The matrix A has the same regularity properties as J. We refer the reader to the works [10, 11] for a more detailed discussion.
The main analytic tool in the study of pseudo-holomorphic discs is the Cauchy-Green integral
As usual, denote by C m,α (ID) the space of functions of the smoothness class C m on ID such that their partial derivatives of order m are α-Hölder on ID; we suppose that this space is equipped with the standard norm. We will use throught the paper the following classical regularity properties of the Cauchy-Green integral transform (see, e.g., [12] ).
(ii) Let 1 < p < 2 and s = 2p(2 − p)
(iii) Let m ≥ 0 be integer and let 0 < α < 1.
Using the Cauchy-Green operator we can replace the equations (2) by the equivalent integral equation
where ϕ : ID → I C n is an arbitrary holomorphic vector function. If our considerations are local i.e. near a fixed point p of M, then in local coordinates we can assume that the C m (for any given m) norm of A is small. Applying the implicit function theorem to the equation (6) we obtain that a given point p ∈ M and a tangent vector v ∈ T p M there exists a J-holomorphic disc f : ID → M such that f (0) = p and df (0)( ∂ ∂ξ ) = λv for some λ > 0. The disc f can be chosen smoothly depending on the initial data (p, v) and the structure J. The main idea of our approach is to establish a correspondence between the solutions of the equation (6) and usual holomorphic discs (with respect to the standard complex structure of I C n ) in the global situation where the complex matrix of J is not necessarily small.
Parametrization of generalized holomorphic vectors by holomorphic ones
In this section we study the linearization of the Cauchy-Riemann equations (2).
Fredholm theory
Denote by W k,p (ID) the Sobolev space of maps u : ID → I C n admitting the Sobolev's partial derivatives of class L p (ID) up to the order k. Let H k,p (ID) denotes the space of usual holomorphic vector functions u : ID → I C n with components of class W k,p (ID). We write just H p (ID) if k = 0 (such a notation is not misleading since the Hardy spaces will not appear in the present paper). For two vector functions u = (u 1 , ..., u n ), v = (v 1 , ..., v n ) with components of class L 2 (ID) we define the scalar product
sometimes are called generalized holomorphic or analytic vectors. Put
In this subsection we study the operator
is correctly defined. The equation (7) is equivalent to the equation
where ϕ is a usual holomorphic (I C n -valued) function on the unit disc satisfying the condition ϕ(0) = u(0). In the scalar case n = 1 this equation admits a solution for every φ since the kernel of P is trivial. This is one of the fundamental results of the theory of generalized analytic functions [12] . Unfortunately, for n > 1 the corresponding homogeneous equation (8) with ϕ = 0 in general admits nontrivial solutions, see [1] . So the equation (8) in general is not solvable for an arbitrary ϕ and does not necessarily give a one-to-one correspondence between generalized holomorphic vectors and usual holomorphic vector functions. Nevertheless, it follows from the regularity properties of the Cauchy-Green operator T listed in Proposition 2.1 that the operator u → T 0 (B 1 u + B 2 u) is compact and hence P is a Fredholm operator. In particular, the kernel of P is finite-dimensional.
The following statement represents the principal technical tool of our approach.
(i) Let w 1 , ..., w d form a basis of ker P over IR. There exists holomorphic polynomials
has trivial kernel.
(ii) The operatorP : L r (ID) → L r (ID) is invertible; it establishes a one-to-one correspondence between the space of W 1,p -solutions of (7) and the space H 1,p (ID) of usual holomorphic vector functions of class W 1,p in the unit disc. Furthermore,P u(0) = u(0).
The proof consists of two steps. First, we need to describe the range of the operator P . For that we make use of the operator P * which is the adjoint of P with respect to the real inner product Re (•, •). The operator P * is defined on L q (ID) with q = r(r − 1) −1 . Given a function χ denote by S χ the operator
We write S 1 for χ = 1. (ii) For the Cauchy-Green operator T the adjoint T * is given by T * = −T . Here we use the notation T u := T (u).
(iii) The conjugation operator σ : u → u is self-adjoint: σ * = σ.
Proof :
Verification of (i)-(v) is direct. Let now χ = 1/ζ. Then T 0 = T − S χ . It is easy to see that ζT u + S 1 u = T (ζu) Then using the obvious identity S 1 u = S 1 u we get T * 0 = −ζ −1 T ζ. Using the expression P = I − T 0 B 1 − T 0 B 2 σ and (i)-(v) we conclude the proof. Lemma is proved.
Denote by H r 0 (ID) the space of all holomorphic vector functions of class L r (ID) vanishing at the origin. We point out that H r 0 (ID) is a closed subspace of L r (ID).
Let v ∈ L q (ID), q = r(r − 1) −1 be orthogonal to both H r 0 (ID) and Range P . We prove that v = 0.
Since Range P ⊥ = ker P * , we have P * v = 0, i.e.
By bootstrapping we prove ζv
. Starting from ζv ∈ L q (ID) and applying the above argument finitely many times, we get ζv ∈ L m (ID) for m > 2. Then by (10) 
By polynomial approximation, we can choose p j polynomial. We now show the operatorP has the trivial kernel. LetP u = 0. Then by (11) we have P u = 0 and Re (u, w j ) = 0, j = 1, ..., d. Since the functions w 1 , ..., w d form a real basis of ker P , we get u = 0. This proves art (i). Now Fredholm's theory implies part (ii). This proves Theorem. This follows by induction using the regularity of T .
Corollary 3.5 If B j are of class L ∞ , then the operator P is defined on every space L p (ID) for p > 2 andP will be a one-to-one map of this space. Then for every ψ ∈ L p (ID) the non-homogeneous equation
admits a solution in W 1,p (ID).
Proof :
Therefore u is a solution of (12).
Parametrization of jets and evaluation map
First we generalize Theorem 3.1 to the case of higher regularity.
Then for every a 0 , ..., a k ∈ I C n there exist a solution u of (7) such that u ∈ W k+1,p (ID) and
For k = 0 the statement is proved in the previous subsection. By induction, let u 1 be a solution with
We look for u in the form
Hence v must satisfy the following conditions:
We show that u given by (14) satisfies (13). By the regularity of (7) 
Hence, ∂ j ζ w(0) = k!b for j = k and 0 for 0 ≤ j < k and u = u 1 + ζ k v satisfies (13). This completes the proof. Now we pass to the surjectivity of the evaluation map. Let j
k+1 be holomorphic k-jet evaluation map at ζ ∈ ID defined by:
k,α denote the space of all solutions of (7) of class C k,α (ID).
Proof : By Proposition 3.6 there exists a subspace V 0 ⊂ V such that j k 0 | V 0 is bijective. The evaluation point 0 in Theorem 3.6 can be replaced by any other ζ ∈ ID by extending B j to all of I C and applying Proposition 3.6 to a bigger disc with center at ζ. Let V (ζ) ⊂ V denote such a subspace that j k ζ | V (ζ) is bijective. By continuity, every ζ 0 ∈ ID has a neighborhood U(ζ 0 ) ⊂ ID so that for every ζ ∈ U(ζ 0 ) the map j 
Following [5] , we reduce the proof of Theorem 1.2 to the case where the discs are contained in a single chart in M and are immersive.
For every J-holomorphic disc f : ID → M we consider its graph g(ζ) = (ζ, f (ζ)) and equipp the cartesian product I C × M with the almost complex structureJ :
ThenS is a smooth submanifold in J k (I C, I C × M) and f : ID → M is transverse to S if and only if g : ID → I C × M is transverse toS. This reduces the general case to the case of immersive discs.
If now a J-holomorphic disc is immersive, then there exist a coordinate chart U ⊂ M → I C n+1 with coordinates (z, w) ∈ I C × I C n so that f (ID) ⊂ U, f (ζ) = (ζ, 0), and J| f (ID) = J st (see, e. g., [5] ). Hence, it suffices to prove the following special case of Theorem 1.2. Proof : Shrinking M if necessary we assume that J is defined by a complex matrix A and A| f 0 (ID) = 0. A J-holomorphic disc f : ID → M satisfies the equation (2) which is equivalent to
because in the choosen coordinates the disc f 0 is J st -holomorphic. As usual, here ϕ is holomorphic. We would like to apply the inverse function theorem to the map
to identify the space of J-holomorphic discs f close enough to f 0 to holomorphic functions ϕ close to 0.
The Fréchet derivativeḞ (f 0 ) :ḟ →φ = F (f 0 )ḟ of the map F at f 0 has the forṁ
where
In general the operatoṙ F (f 0 ) may be degenerate. We modify the map F (keeping the same notation F ) using Theorem 3.1:
ThenḞ
Re (w j ,u)p j .
By Theorem 3.1 one can choose w j , p j so that for the modified operator we have kerḞ (f 0 ) = 0. By the inverse function theorem F −1 is well defined and smooth in a neighborhood of zero in the space of holomorphic vector functions.
Let V be the space of solutions of the equation (7) is defined for small s ∈ IR N . By Theorem 3.6, the map Φ is a submersion for s = 0, ζ ∈ ID. ThenŜ = Φ −1 (S) is a smooth manifold in a neighborhood of ID × {0} ⊂ ID × IR N . Let τ : ID × IR N → IR N be the projection. Then Φ(•, s) is transverse to S ⊂ J k (I C, M) if and only if s is a regular value of τ |Ŝ, see the proof of Thom's transversality theorem in [4] . By Sard's theorem the set of critical values has measure zero if m − k > max{0, N − dimŜ}. Hence there exists s arbitrary close to 0 ∈ IR N such that f = F −1 (ϕ s ) is transverse to S in J k (ID, M). For t ∈ IR put s = (t, 0..., 0). Then the map t → f t = F −1 (ϕ s ) is a homotopy between f 0 and f (of course, in general f t is not necessarily an immersion for all t = 0). Slightly shrinking ID if necessary we can assume that all discs are of class C ∞ (ID). Theorem 1.2 is proved.
5 Proof of Theorem 1.1 Theorem 1.1 follows from Theorem 1.2 quite similarly to the proof of the classical Whitney theorem on immersive maps given in [4] . Let a J-holomorphic map f : I C → M defined in a neighborhood of p ∈ I C represents a jet σ ∈ J 1 (I C, M). Then rank df (p) is called the rank of the jet σ at p and is denoted by rank p σ. Set S = {σ ∈ J 1 (I C, M) : rank σ = 0}
Then a J-holomorphic map f : ID → M is immersive if and only if the image j 1 f (ID) does not intersect S. Obviously S is a submanifold in J 1 (I C, M) of real codimension 2n where n is the complex dimension of M. On the other hand dim IR J 1 (I C, M) = 4n + 2. Hence, the condition n ≥ 2 implies that if j 1 f is transverse to S, then by the definition of transversality j 1 f (ID) does not intersect S. Applying Theorem 1.2, we conclude the proof.
